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Given a map f : K → M , where K is a CW-complex and M a manifold, both of the same
dimension n 3, and a Nielsen root class, there is a number associated to this root class,
which is the minimum number of points among all root classes which are H-related to
the given one for all homotopies H of the map f . We discuss the following question: Is
there a map g homotopic to f in which all classes have cardinality equal to the minimal
number? We show that the question has a positive answer if f is homotopic to a map that
has a Nielsen class with minimum number of points contained in the interiors of n-cells.
In the particular case where K is a simplicial complex, we give a suﬃcient condition on K
so that the question has a positive answer.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
Let f : K → M be a map between path connected topological spaces and let a ∈ M an arbitrary point. A root of the
equation f (x) = a is a point x0 ∈ K such that f (x0) = a. Two roots x0 and x1 are equivalent if there is a path λ : [0,1] → K
from x0 to x1 such that f ◦ λ  a rel{0,1}. This is an equivalence relation and separates all the roots into disjoint subsets,
called Nielsen root classes of f . A homotopy H between f and g deﬁnes a correspondence between each root class of f
and at most one such class of g , in which case the classes are said to be H-related. For more details, see [10]. Following
Brooks [8] we have a deﬁnition.
Deﬁnition 1.1. A Nielsen root class C of a map f is essential if every homotopy H of f causes the class C to be H-related
to a root class.
The number of essential classes is called the Nielsen root number and is denoted by NR[ f ]. In the same spirit as the
deﬁnition above, for a Nielsen root class C we deﬁne:
Deﬁnition 1.2. Let MR[ f ,C] be the minimal cardinality among all Nielsen root classes B , where B is a Nielsen class of g
H-related to C , for H a homotopy between f and g .
If K is a CW-complex and M a manifold, then MR[ f ,C] is ﬁnite (see, Propositions 2.10 and 2.12 of [2]). Then the
following natural question arises: Given f , is it possible to deform f to a map g such that the number of points in
each Nielsen root class of g is the minimum number of roots in a corresponding Nielsen root class? In this direction,
a consequence of Theorem 1 of [8] is: If K is a ﬁnite simplicial complex and M is a manifold, both of the same dimension
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deform f to be root free. Related to the above question, for maps between surfaces, [3] contains the following.
Theorem 1.3. For maps between closed surfaces it is possible to deform f such that all the Nielsen root classes have cardinality equal
to the minimal number if and only if either NR[ f ] 1, or NR[ f ] > 1 and f satisﬁes the Wecken property.
Also in [3], Theorem 4.2 gives an example of a map f : Kn → Pn from a ﬁnite simplicial n-complex Kn to real projective
space of dimension n  3 where it is not possible to deform f to a map for which all classes have the minimum number,
speciﬁcally: (a) NR[ f ] = 2; (b) MR[ f ,C] = 1, (c) MR[ f ,a] = min{(g−1(a)) | g homotopic to f } > 2. Moreover, Kn has the fol-
lowing good properties: (a) every maximal simplex is n-dimensional; (b) Kn is simply connected; (c) Kn is n-dimensionally
connected.
This example shows that the answer to the proposed problem is not always positive. In this paper we present two
situations where the answer is positive.
The positive answer to the question is equivalent to proving that the map f satisﬁes the formula MR[ f ,a] = NR[ f ] ·
MR[ f ,C]. The main results of the paper are the following:
Theorem 1.4. Let f : K → M be a map between a ﬁnite CW-complex and a connected closed manifold, both of the same dimension
n  3. Suppose that all Nielsen root classes are essential. If there is f ′ homotopic to f such that one root class C of f ′ has MR[ f ,C]
points and these points are in the interior of n-cells, then MR[ f ,a] = NR[ f ] ·MR[ f ,C].
Suppose that K coincides with its soul (see Deﬁnition 3.2 in Section 3). For each maximal simplex n let C(n) be
the smallest subcomplex which contains all n-simplices ′ such that there is a sequence of n-simplices starting at n and
ending at ′ so that an intersection of two consecutive ones is an (n − 1)-simplex which faces only these two n-simplices.
This deﬁnes a covering of K by homogeneous simplicial subcomplexes of dimension n which we denote by {K1, . . . , Kr}.
Associated to this covering we have the subcomplex K0 =⋃i = j Ki ∩ K j .
Theorem 1.5. Let f : K → M be a map between a ﬁnite simplicial complex and M a triangulable manifold, both of the same dimension
n 3. Assume every component of K0 and all intersections of any number of Ki are of non-zero dimension. Then MR[ f ,a] = NR[ f ] ·
MR[ f ,C].
The organization of this paper is as follows. In Section 2 we present the proof of Theorem 1.4. In Section 3 we present
the proof of Theorem 1.5. In Section 4 we present a generalization of the example described above in dimension 3.
This work is based on my doctoral thesis, written under the supervision of Professor Daciberg Lima Gonçalves.
2. Suﬃcient conditions on f
Throughout this section, unless speciﬁed otherwise, K is a ﬁnite CW-complex of dimension n 3 and M is a connected
closed manifold of the same dimension as K .
Below we establish some notation that will be used in the proof of the next lemma.
Let p˜ : M˜ → M be the universal covering of M and (p˜∗)−1 : πn(M,M − a, y) → πn(M˜, M˜ − (p˜)−1(a), y˜) the isomorphism
induced by p˜ for n  2. As M˜ and M˜ − (p˜)−1(a) are simply connected, then the Hurewicz homomorphism ρ : πn(M˜, M˜ −
(p˜)−1(a), y˜) → Hn(M˜, M˜ − (p˜)−1(a)) is an isomorphism.
The inclusions ia˜i : (M˜, M˜ − (p˜)−1(a)) → (M˜, M˜ − a˜i), for a˜i ∈ (p˜)−1(a) induce an isomorphism
i∗ =
∑
a˜i∈(p˜)−1(a)
ia˜i ∗ : Hn
(
M˜, M˜ − (p˜)−1(a))→ ∑
a˜i∈(p˜)−1(a)
Hn(M˜, M˜ − a˜i).
Using excision we have the isomorphism
(Exc)−1 :
∑
a˜i∈(p˜)−1(a)
Hn(M˜, M˜ − a˜i) →
∑
a˜i∈(p˜)−1(a)
Hn(V˜ i, V˜ i − a˜i) = Z[π ]
with π = π1(M) and V˜ i euclidian neighborhoods of a˜i that map onto a neighborhoods V of a. Let βi ∈ Hn(V˜ i, V˜ i − a˜i) be a
generator, given α ∈ πn(M,M − a, y), we have(
(Exc)−1 ◦ i∗ ◦ ρ ◦ (p˜∗)−1
)
(α) = n1βi1 + n2βi2 + · · · + niβi j .
The element niβi ∈ Hn(V˜ i, V˜ i − a˜i) is represented by the homology class of a map g¯i : (n, ∂n) → (V˜ i, V˜ i − a˜i) with n
an n-simplex such that (g¯i)∗ : Hn(n, ∂n) → Hn(V˜ i, V˜ i − a˜i) has degree ni and (g¯i)−1(a˜i) is the barycenter of n .
Lemma 2.1. Let h : (n, ∂n, x) → (M,M − a, y) be a map. If [h] ∈ πn(M,M − a, y) has p summands, i.e. [h] = n1βi1 + n2βi2 +· · · + npβip , then h  g rel ∂n with g : (n, ∂n, x) → (M,M − a, y) having exactly p roots.
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Ii : (V˜ i, V˜ i − a˜i) ⊂ (M˜, M˜ − (p˜)−1(a)), then the map Ii j ◦ g¯i j represents the homology class which is sent to n jβi j by the
isomorphism (Exc)−1 ◦ i∗ . Let ci j be paths in M˜ − (p˜)−1(a), with ci j (0) = y˜ and ci j (1) = (Ii j ◦ g¯i j )(x), then ci j induces an
isomorphism
τci j : πn
(
M˜, M˜ − (p˜)−1(a), (Ii j ◦ g¯i j )(x)
)→ πn(M˜, M˜ − (p˜)−1(a), y˜),
and τci j ([Ii j ◦ g¯i j ]) is represented by a map
g˜i j :
(
n, ∂n, x
)→ (M˜, M˜ − (p˜)−1(a), y˜)
such that g˜−1i j (a˜i j ) is one point and as a map of (
n, ∂n) → (M˜, M˜ − p˜−1(a)) the homology class is homologous to the
homology class of Ii j ◦ g¯i j . Therefore, ((Exc)−1 ◦ i∗ ◦ ρ)([g˜i1 ] + · · · + [g˜ip ]) = n1βi1 + · · · + npβip . Let g˜ = g˜i1 + · · · + g˜ip , then
p˜ ◦ g˜ = g  h with g having exactly p roots. As ∂n has the absolute homotopy extension property in n we can assume
that the homotopy is relative to ∂n . 
Lemma 2.2. The number MR[ f ,C] is independent of the class C .
Proof. See [3, Proposition 2.3]. 
By the previous lemma, the problem of this paper is equivalent to the following question: when is the formula MR[ f ,a] =
NR[ f ] ·MR[ f ,C] true? If MR[ f ,C] = 0, then NR[ f ] = 0 and Theorem 1 of [8], assures us that MR[ f ,a] = 0, i.e., the formula
MR[ f ,a] = NR[ f ] · MR[ f ,C] is true. It remains to consider the case NR[ f ] > 0. In this case the number NR[ f ] is ﬁnite and
equal to the number of Reidemeister classes, i.e., the index [π1(M) : f#(π1(K ))]. Consider the covering map p+ : M+ → M
corresponding to the subgroup f#(π1(K , x0)) ⊂ π1(M,a) and f + : K → M+ the lift of f . By Lemmas 1 and 2 of [8], the sets
( f +)−1(ai) for ai ∈ (p+)−1(a), are the Nielsen root classes of f .
The next result can be found in the demonstration of Lemma 5 in [8].
Lemma 2.3. Let q : M˜+ → M+ be the universal covering of M+ and set D = (p+)−1(a). Then, the inclusions
i y :
(
M˜+, M˜+ − q−1(D))⊂ (M˜+, M˜+ − q−1(y)), y ∈ D,
induce an isomorphism of πn(M˜+, M˜+ − q−1(D)) onto the direct sum∑y∈D πn(M˜+, M˜+ − q−1(y)), while for 0 <m < n we have
πm(M+,M+ − D, y′) = 0 for any y′ ∈ M+ − D.
The demonstration of the next theorem was inspired by [8].
Theorem 2.4. Let f : K → M be a map between a ﬁnite CW-complex and a connected closed manifold, both of the same dimension
n  3. Suppose that all Nielsen root classes are essential. If there is f ′ homotopic to f such that one root class C of f ′ has MR[ f ,C]
points and these points are in the interior of n-cells, then MR[ f ,a] = NR[ f ] ·MR[ f ,C].
Proof. Since π j(M,M −a) = 0 for j < n we can assume that f has no roots on the n−1 skeleton of K . Let D = {a1, . . . ,aN }
where N = NR[ f ] and let f + be the lift of f in relation to the covering map p+ . For each ai the local coeﬃcient system
over K to deform f + into M+ − ai is ( f +)∗πn(M+,M+ − ai) and it will be denoted by Γai . The local coeﬃcients system
over K to deform f + into M+ − D is ( f +)∗πn(M+,M+ − D) and it will be denoted by ΓD . For each ai ∈ D , the inclusions
iai : (M˜+, M˜+ − q−1(D)) ⊂ (M˜+, M˜+ − q−1(ai)) induce the homomorphism of local coeﬃcients systems kai : ΓD → Γai . By
Lemma 2.3, the direct sum( ∑
ai∈D
kai
)
: ΓD →
∑
ai∈D
Γai
is an isomorphism of the local coeﬃcient systems. Therefore,( ∑
ai∈D
(kai )#
)
: HomΠ (Cn(K˜ );Z[π1(M)])→ ∑
ai∈D
HomΠ
(
Cn(K˜ );Z
[
π1
(
M+
)])
is an isomorphism, where each (kai )# is the homomorphism induced by the homomorphism of the local coeﬃcient sys-
tem kai . Consider
(i) ci( f +), the cochain to deform f + into M+ − ai ;
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(iii) c( f +) = c1( f +) + · · · + cN( f +).
As (kai )#(cD( f
+)) = ci( f +) for each ai ∈ D , we have( ∑
ai∈D
(kai )#
)(
cD
(
f +
))= c( f +).
From the demonstration of Lemma 2.2, for each i = 1, . . . ,N , there exists f +i homotopic to f + such that ( f +i )−1(ai) = C .
The cochains ci( f
+
i ) and ci( f
+) are cohomologous so c = c1( f +1 ) + · · · + cN( f +N ) is cohomologous to c( f +). Thus, there is
cD cohomologous to cD( f +) with (
∑
ai∈D(kai )#)(cD) = c. Using obstruction theory, there exists f : K → M+ homotopic to
f + with f |Kn−2 = f + , f (Kn−1) ⊂ M+ − D and cD( f ) = cD .
Finally, let en be an n-cell that contains p points of C in its interior, then ci( f
+
i )(e
n) has p summands in πn(M+,
M+ − ai) = Z[π1(M+)]. This means that g = p+ ◦ f when restricted to en has p ·NR[ f ] terms in πn(M,M − a) = Z[π1(M)].
By Lemma 2.1, we can extend g relative to boundary of en , having exactly p · NR[ f ] roots. Repeating this process in any
simplex containing points of C , we will obtain a map g homotopic to f with exactly NR[ f ] ·MR[ f ,C] roots. 
One consequence of Theorem 1 of [9] is that the results obtained in coincidence theory can be applied in root theory.
Below we present a case where the hypotheses of the theorem are satisﬁed.
Let K be a ﬁnite n-dimensional complex. As deﬁned in [1], K 〈n〉 is the smallest complex which contains all n-simplexes
of K .
Corollary 2.5. Let K be an n-complex (n  3) such that K 〈n〉 = ⋃pi=1 Mi is the disjoint union of manifolds. Then the formula
MR[ f ,a] = NR[ f ] ·MR[ f ,C] holds for all maps f : K → M.
Proof. If the index [π1(M), f#(π1(K ))] is inﬁnite, then NR[ f ] = 0 and there is nothing to prove. Otherwise, by Theorem 4.2
of [7], MR[ f ,C] = MR[ f +,a+], where p+(a+) = a. We need only prove that there exists g homotopic to f + that has
MR[ f +,a+] roots in the interior of n-simplices. Let f +i = f +|Mi for i = 1, . . . , p. By the proof of Theorem 2.6 of [1], for
each i, there exists g+i homotopic to f
+
i which has MR[ f +i ,a+] roots and these are contained in the interior of n-simplices.
Let g+ : K 〈n〉 → M+ be such that g+|Mi = g+i , then g+ is homotopic to f +|K 〈n〉, all the roots are in the interior of maximal
simplices and it has MR[ f +,a+] = MR[ f +1 ,a+] + · · · +MR[ f +p ,a+] roots. By the proof of Theorem 2.7 of [1], we can extend
g+ over K homotopic to f + without creating new roots. By Theorem 2.4 the result follows. 
3. Suﬃcient conditions on K
In this section we consider the particular case where K is a ﬁnite simplicial complex and M a triangulable manifold,
both of the same dimension n  3. In this case, using the geometry of K , we can give a positive answer to the question
proposed by imposing a condition on K , and not on f as was done in the previous section. The result below was inspired
by [6], where the number NO( f ,a; K ) is deﬁned as follows:
(i) A cochain cn ∈ HomΠ(Cn(K˜ );Z[π ]) is elementary if cn is non-zero in only one n-simplex, called its support, and has
value in one summand Z of Z[π ] indexed by α ∈ π . So we can associate to each elementary cochain a pair (n,α),
where n is its support and α is the index to the summand Z of Z[π ] where the cochain assumes its value.
(ii) Two elementary cochains are disjoint if the pairs (n,α), (′n,α′) are not equal.
(iii) Given an arbitrary cocycle cn ∈ HomΠ(Cn(K˜ );Z[π ]), an integer l(cn) is deﬁned as follows:
(a) The cocycles cn can be uniquely written as a sum of disjoint elementary cocycles, i.e., cn = cn,1 + cn,2 + · · · + cn,r ,
where each cn,i is elementary.
(b) A partial sum cn,i1 +· · ·+cn,is of the decomposition of cn is said to be combinable if the intersection of the supports
of all the elementary summands is nonempty and they have values in the same summand Z of Z[π ].
(c) Deﬁne l(cn) to be the minimal number of combinable partial summands among all decomposition of cn .
(iv) The number NO( f ,a; K ) is deﬁned as the minimum of the numbers l(cn), where cn runs over the set for all cocycles
representing the obstruction ωn( f ) ∈ Hn(K ;ΓD) to deforming f into M − a.
Lemma 3.1. NO( f ,a; K ) =∑Ni=1 NO( f +,ai; K ); where ai ∈ D and N = NR[ f ].
Proof. Let cin be an n-cocycle representing the obstruction to deforming f
+ into M+ − ai such that l(cin) = NO( f +,ai; K ).
By the isomorphism
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ai∈D
(kai )#
)
: HomΠ (Cn(K˜ );Z[π ])→ ∑
ai∈D
HomΠ
(
Cn(K˜ );Z
[
π1
(
M+
)])
,
the cochain c¯n satisfying (
∑
ai∈D(kai )#)(c¯n) =
∑N
i=1 cin is a cocycle representing the obstruction to deforming f into M − a
and l(c¯n) = l(c1n) + · · · + l(cNn ). We will show that l(c¯n) = NO( f ,a; K ). Suppose that there exists c˜n ∈ HomΠ(Cn(K˜ );Z[π ])
cohomologous to c¯n with l(c˜n) l(c¯n). We can decompose c˜n as a sum of cocycles c˜1n +· · ·+ c˜Nn such that the decomposition
of each c˜in as a sum of elementary cocycles, its values on n-simplices will be in summands Z whose indices are in the same
Reidemeister class, then l(c˜n) = l(c˜1n) + · · · + l(c˜Nn ). Now (kai )#(c˜n) ∈ HomΠ(Cn(K˜ );Z[π1(M+)]) is cohomologous to cin , so
l(c˜in) l(cin). 
Given an n-dimensional simplicial complex K we can iterate the following two operations: the ﬁrst is to consider the
homogeneous subcomplex K 〈n〉 ⊂ K of dimension n and the second is the operation, which consists of eliminating the
n-simplices containing faces that are not face of any other n-simplex, together with these faces. This process of iterating the
two operations will stop after a ﬁnite of steps.
Deﬁnition 3.2. For any n-dimensional simplicial complex K , the soul of K , is the subcomplex obtained at the end of the
process indicated above.
Suppose that K coincides with its soul. For each maximal simplex n let C(n) be the smallest subcomplex which con-
tains all n-simplices ′ such that there is a sequence of n-simplices starting at n and ending at ′ so that an intersection
of two consecutive ones is an (n − 1)-simplex which is a face of only these two n-simplices. This deﬁnes a covering of K
by homogeneous simplicial subcomplexes of dimension n which we denote by {K1, . . . , Kr}. Associated to this covering we
have the subcomplex K0 =⋃i = j Ki ∩ K j .
Theorem 3.3. Let f : K → M be amap between a ﬁnite simplicial complex and M a triangulable manifold, both of the same dimension
n  3. Assume that every component of K0 and all intersections of any number of Ki are of non-zero dimension. Then MR[ f ,a] =
NR[ f ] ·MR[ f ,C].
Proof. In Theorem 4.1 of [6], it is shown that under the assumptions of the theorem, we have the equality MR[ f ,a] =
NO( f ,a; K ). By Lemma 3.1, it follows that
MR[ f ,a] = NO( f ,a; K ) =
N∑
i=1
NO
(
f +,ai; K
)= NR[ f ] ·MR[ f ,C]. 
Corollary 3.4. If K = M1 ∪ M2 is the union of two manifolds without boundary of dimension n  3 and L = M1 ∩ M2 has the
property that M1 − L and M2 − L are path connected and every component of L is of dimension greater than zero, then MR[ f ,a] =
NR[ f ] ·MR[ f ,C].
Proof. The covering of K is given by: K1 = M1 − L, K2 = M2 − L and Ki for i = 3, . . . , r that are the connected components
of L. Then, the conditions of the theorem are satisﬁed. 
4. Example
In this section we present a generalization of the example described in Theorem 4.2 of [3], in dimension 3. It shows that
if the hypotheses of Theorem 2.5 and the hypotheses of Theorem 3.2 are not satisﬁed, then it is possible to construct a map
f : K → M , such that MR[ f ,a] = NR[ f ] ·MR[ f ,C].
Deﬁne K = ⋃4i=1 Si , where each Si is a copy the sphere S3, which we regard as the boundary of 4, i.e. S1 =
∂〈a0,a1,a2,a3,a4〉; S2 = ∂〈b0,b1,b2,b3,b4〉; S3 = ∂〈c0, c1, c2, c3, c4〉 and S4 = ∂〈d0,d1,d2,d3,d4〉. Now identify the faces
of these complexes as follows:
(a) S1 ∩ S2, a0 = b0, a1 = b1, a2 = b2;
(b) S2 ∩ S3, b0 = c0, b1 = c1, b3 = c2;
(c) S3 ∩ S4, c0 = d0, c2 = d1, c3 = d2.
Note that
⋂4
i=1 Si = a0, see Fig. 1.
Theorem 4.1. Let f : K → P3 be a map, p˜ : S3 → P3 the universal covering spaces and f˜ : K → S3 the lifting of f . If the maps
f˜ i = f˜ |Si have degree di = 0, for i = 1, . . . ,4, then MR[ f ,a] = NR[ f ] ·MR[ f ,C].
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Proof. As π1(K ) = 0, then NR[ f ] = [π1(P2) : f#(π1(K ))] = 2. Using obstruction theory, we can assume that f has no roots
in the 2-skeleton. By Lemma 2.1, we can assume that each 3-simplex has at most two roots in its interior. Let L1 =⋃4i=2 Si ,
then L1 ∩ S1 = S1 ∩ S2 and S1 ∩ S2 can be by-passed in S1, so we may apply the techniques in [4] to join the roots of S1
that are in the same class. Repeating this process for each Si for i = 2,3, 4, we can assume that f restricted to each sphere
has only two roots unrelated. Using the techniques developed in [5], we can unite all the points of one class to the point a0.
Using the same techniques we can join the roots in S1, S2 and S3 that belong to another class to the point a1. Therefore
MR[ f ,a] = 3, MR[ f ,C] = 1, and as NR[ f ] = 2, we have MR[ f ,a] = NR[ f ] ·MR[ f ,C]. 
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